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Computation of Controllability Regions
for Unstable Aircraft Dynamics

M. G. Goman∗ and M. N. Demenkov†

De Montfort University, Leicester, England LE1 9BH, United Kingdom

An active control approach to air vehicle design can significantly expand the flight envelope and improve vehicle
performance characteristics. In some cases it can be attained by implementing the aerodynamically unstable
configuration or expanding operation at flight regimes with dynamic instability, which are then purposely stabilized
by the flight control system. An important issue in stabilization of unstable dynamics is connected with the size of the
controllability region, which is the set of all states of the aircraft dynamics that can be stabilized by some realizable
control action. This region is bounded because of nonlinear actuator constraints, and its size can be considered as
a measure for allowable level of external disturbances. In this paper an algorithm based on convex optimization
technique is proposed for computation of the controllability region of an unstable linear system under amplitude
and rate control constraints. Examples of the controllability region analysis for an aeroservoelastic airfoil system
and unstable aircraft dynamics are presented to illustrate the capabilities of the proposed algorithm.

Nomenclature
C, ∂C = controllability region and its boundary
C(N ) = null-controllable region at step N

for discrete-time system
C(T ) = null-controllable region at time T for

continuous-time system
c̄ = mean aerodynamic chord
ch, cm, cδ = nondimensional aerodynamic coefficients for the

normal force and pitch and flap hinge moments
cw = unsteady aerodynamic contribution

to the normal-force coefficient
h = plunge displacement
h̄, ˙̄h = nondimensional plunge displacement and its

reduced time derivative
I = identity matrix
Iθ , Iδ = generalized masses of the pitch and flap

dynamic modes
kh, kθ , kδ = structural stiffness coefficients in plunge, pitch,

and flap deflections
ma = generalized mass of the plunge dynamic mode
P, Q, R = roll, pitch, and yaw rates
Rn = n-dimensional Euclidean space
Rn × m = n × m real matrix
S = wing area
shθ , shδ, sθδ = inertial coupling between the

generalized coordinates
U = flow speed
V = aircraft velocity
[x; y] = [x T yT ]T

(xi , x j ) = two-dimensional plane spanned by axes xi and x j

0m × n = m × n matrix of zeros
α, β = angle of attack and sideslip angle
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δ, δ̇ = trailing-edge flap deflection and its
reduced time derivative

δc, δ̇c = control command and its reduced time derivative
δrbf, δlbf = right and left body flaps deflections
δrevi, δlevi = right and left inboard elevons deflections
δrevo, δlevo = right and left outboard elevons deflections
δrvr, δlvr = right and left rudders deflections
θ, θ̇ = pitch angle and its reduced time derivative
ρ = air density
φ, ψ = bank and heading angles
ωh, ωθ , ωδ = reduced plunge, pitch, and flap

natural frequencies
ωθfl = reduced pitch frequency at flutter boundary

Introduction

A N aerodynamically unstable aircraft configuration stabilized
by a control system has a potential to overcome many conven-

tional design limitations. For example, such an aircraft configuration
can possess a higher lift-to-drag ratio, the critical flight regimes as-
sociated with high incidence departures or aeroelastic instabilities
can be significantly relaxed or even eliminated by implementation
of control system. Hence, the active control approach to air vehi-
cle design grants the opportunity for improvement of air vehicle
dynamic and performance characteristics.

At flight regimes with dynamic instability, aircraft motion can
be locally represented by linear time invariant system with unstable
eigenvalues. In this case the important problem in design of control
laws is connected with realistic account of actuator constraints such
as deflection limits and rate saturation.1,2

The unstable linear system with constrained control inputs has a
bounded controllability region,3−5 which means that the stabiliza-
tion problem under the restriction on control input can be solved
only for a limited set of initial states of the system.

The size of the controllability region for the open-loop unstable
system with constrained control inputs can serve as a controllability
measure for the control design problem. If external disturbances
move the system out the controllability region, no controller is able
to keep the system stable.

The stability region (or domain of attraction) for the closed-loop
system by definition is the set of states that are stabilizable by a
particular controller. The stability region generally utilizes only a
part of the open-loop system controllability region and never can
exceed it. In some cases a “good” controller in terms of linear system
criteria such as local stability and robust performance can provide
the closed-loop system with very small and unsatisfactory stability
region. Therefore, the additional design objective can be formulated
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as maximizing the region of attraction for the closed-loop system.
This objective maximizes the level of external disturbances, which
can be rejected by the system.

It is necessary to bear in mind that various design methods lead
to different stability regions for the closed-loop system. A ratio
between stability region and controllability region can be considered
as an additional performance measure for assessment of controller
robustness to external disturbances.

The main objective of this work was in developing of the com-
putational algorithm for analysis of the controllability region for
unstable aircraft dynamics in the presence of actuator constraints
such as amplitude and rate saturation. The first part contains a de-
scription of the proposed computational algorithm, which is based
on the solution of a linear programming problem. In the second
part this algorithm is applied to an active control flutter suppression
problem and to a stabilization problem of unstable lateral/directional
aircraft dynamics.

Background and Problem Statement
Let us consider the following open-loop unstable continuous-time

system:

ẋ(t) = Ax(t) + Bu(t) (1)

where A ∈ Rn × n has eigenvalues with positive real parts, B ∈ Rn × m ,
x ∈ Rn , and u ∈ Rm . It is additionally supposed that the state vector
x is fully observable and n > 1.

We will study the effect on system dynamics of both amplitude
and rate control constraints:

umin ≤ u ≤ umax (2a)

u̇min ≤ u̇ ≤ u̇max (2b)

Here the inequalities are treated component-wise.
Although the stability of an equilibrium in a linear system is a

global property, the stability of an equilibrium in a nonlinear system
is just a local characteristic. The unstable linear system in Eq. (1)
under any control law with inputs constrained as in Eq. (2a) becomes
nonlinear and can be stable only in a bounded region of the state
space, known as stability region or region of attraction. The maxi-
mum attainable region of attraction coincides with the controllabil-
ity region, which is also called the asymptotically null controllable
region.3−5

Rate constraints given in Eq. (2b) preserve continuity of the con-
trol function. In this case the reachability of the origin from some
initial states of the system depends on the initial positions of ac-
tuators. This means that the controllability region of the open-loop
system and the stability region for the closed-loop system must be
defined in the extended state + control space.

Note that a control function u(t) which satisfies only deflection
constraints (2a) can be discontinuous. The controllability and sta-
bility regions in this case can be specified only in the system state
space because the reachability of the origin from any initial state
does not depend on initial values of control vector. In some cases a
control function u(t) steering an initial state from the controllability
region to the origin can be of the bang-bang type,3,5 that is, piecewise
constant and discontinuous. The possibility of discontinuous con-
trol significantly simplifies the computation of the controllability
region.

The more rigorous description of the controllability region given
next is needed for derivation of the computational algorithm, which
is presented in the following section.

By definition, an extended state [x0; u0] is asymptotically null
controllable if there exists a control function u(t) that satisfies con-
straints in Eq. (2) and generates the state trajectory with initial
conditions x(0) = x0 and u(0) = u0, so that the state and control
asymptotically approach the origin as t → ∞:

lim
t → ∞

x(t) = 0, lim
t → ∞

u(t) = 0 (3)

The set of all extended states [x0; u0] ∈ Rn + m that are asymptotically
null controllable is called the controllability region for the system
and denoted by C ∈ Rn + m . It can be easily shown that this region is
convex.

Controllability Region Analysis: Known Approaches
The controllability region of a linear system defined in Eq. (1) with

only amplitude control constraints has been studied by Formal’skii,3

Goman et al.,4 Goman and Demenkov,6 and Hu and Lin.5 (In the lat-
ter work the controllability region is called the asymptotically null
controllable region.) Several geometrical properties of the control-
lability region have been revealed in these works, and some methods
for explicit characterization of the controllability region have been
proposed.

All eigenvalues λi , i = 1, . . . , n of matrix A in Eq. (1) can be
divided into stable (Reλi < 0), neutral (Reλi = 0), and antistable
(Reλi > 0) groups. Here Reλi is the real part of λi .

If matrix A has only antistable eigenvalues, then the controlla-
bility region C ∈ Rn of the system in Eq. (1) is strictly convex and
overall bounded.3,5 As a result, if the unstable system has some an-
tistable eigenvalues it cannot be stabilized in the full state-space Rn

because it contains antistable subsystem with bounded controllabil-
ity region.

Computation of controllability region C can be performed by
reconstruction of its boundary ∂C formed by invariant manifold of
system trajectories under the bang-bang control.4,5 It has been shown
that trajectories on ∂C satisfy Pontryagin’s minimum principle7 and
can contain unstable equilibrium points and closed orbits.4,5

The boundaries of stability and controllability regions for a two-
dimensional system with only antistable eigenvalues and scalar lim-
ited control input |u(t)| ≤ umax have been analyzed in Ref. 4 con-
sidering the bang-bang control. The geometric properties of the
boundary trajectories have been investigated using bifurcation anal-
ysis methods. Later similar results have been independently ob-
tained in Ref. 5 with the rigorous proof of the boundary trajectories
properties.

An optimization-based method for explicit description of the con-
trollability region boundary can be found in Refs. 3 and 5. It was
applied for antistable (i.e., having only antistable open-loop eigen-
values) linear systems under only amplitude constraints (2a).

The main idea of this method is based on maximization of a scalar
linear function f (x) = ηT x (η ∈ Rn, η �= 0) over all points x from
the controllability region. The maximization process is performed
along the specified direction η, so that the final solution coincides
with the point xb(η) on the boundary of the controllability region.
Because the controllability region for antistable system with only
amplitude constraints is strictly convex and overall bounded, this
solution always exists, and it is unique. The vector η defines sup-
porting hyperplane at this boundary point xb.

For numerical computation of the controllability region bound-
ary, the null-controllable region at time T , denoted as C(T ), is
introduced. It is defined as the set of states that can be steered to
the origin in a finite time T by application of amplitude constrained
control u(t).

The boundary points of C(T ) in this case can be explicitly ex-
pressed as follows:

xb(η) = arg max
x ∈ C(T )

ηT x

= −
m∑

i = 1

∫ T

0

e−Aτ bi ui max sign
(−ηT e−Aτ bi

)
dτ (4)

where bi is the i th column of matrix B (also we suppose for sim-
plicity that ui max = −ui min).

The optimization problem in Eq. (4) can be solved for different
directions η, and the obtained points xb(η) can approximate rather
accurately the controllability region boundary ∂C as T → ∞.

Problem Statement
Different controllers in the closed-loop system produce stability

regions having different size, which never exceeds the size of the
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controllability region. So, the ratio between these two regions can
be attributed to the controller as its performance measure and con-
sidered as a characteristic complementing its other linear properties.

The comparison of multidimensional stability and controllability
regions can be replaced by consideration of their two-dimensional
cross sections or slices. Different combinations of two-dimensional
cross sections help to visualize multidimensional regions and sig-
nificantly simplify the comparative analysis.

However, it should be emphasized that this comparison gives us
only necessary, but not sufficient, conditions for controller assess-
ment. The closeness of some cross sections of stability and con-
trollability regions does not guarantee their closeness in differently
oriented cross sections. Nevertheless, the proposed method provides
the possibility for identification of unacceptable controllers.

The computation of two-dimensional slices of the stability region
is performed by direct numerical simulation of the closed-loop sys-
tem on a fine grid of points located in the two-dimensional plane.
Then the slice of stability region or region of attraction is defined
precisely by those points whose trajectories tend to the origin.

Similar computation of controllability region C on a grid of points
is much more time consuming as it requires the solving of a two-
boundary-value problem for each grid point. Fortunately, the con-
trollability region for systems under consideration is convex, and it
can be restored by computation of its boundary points in accordance
with optimization approach given in Ref. 3.

The following sections of the paper present the numerical algo-
rithm for computation of controllability region slices and provide
two examples with comparative analysis of two-dimensional slices
of controllability and stability region.

Computation of Controllability Region Slices
Key Idea

Two unit vectors ei and e j directed along i th and j th axes of coor-
dinate system in Rn + m space form a basis in the slice plane SL(i, j).
Any point in this plane can be expressed as a linear combination of
ei and e j :

SL(i, j) = {
[x0; u0] ∈ Rn + m so that [x0; u0] = ξ1ei + ξ2e j

}

(5)

where ξ1, ξ2 are scalar variables.
Then the cross section �(i, j) of the controllability region C by

plane SL(i, j) in coordinates ξ1 and ξ2 is defined as

�(i, j) = {
ξ ∈ R2 so that [x0; u0] ∈ SL(i, j) ∩ C

}
(6)

where ξ = [ξ1, ξ2]T .
From the convexity of C , it follows that �(i, j) is also a convex

set.
The key idea of the algorithm results from the observation that

each point on the boundary of the controllability region cross section
is a solution of the optimization task, in which a linear function is
maximized over the set of points belonging both to the controllability
region and the slice plane. This idea is clearly a modification of the
explicit method just described, but instead of the explicit formula in
Eq. (4) the solution is based on a method of numerical optimization.

To approximate the boundary of the controllability region, let us
consider a set of vectors ηl in the plane SL(i, j) uniformly dis-
tributed from the center in different directions (see Fig. 1a):

ηl = [ cos ϕl , sin ϕl ]T , ϕl = 2πl/M, l = 1, . . . , M (7)

Then the vectors ξ(l)belonging to the boundary of the controllability
region in the slice SL(i, j) will be defined as the solutions of the
following optimization task (see Fig. 1b):

ξ(l) = arg max
ξ ∈ �(i, j)
ξ ≥ ξmin
ξ ≤ ξmax

(
ηT

l ξ
)

(8)

a)

b)

Fig. 1 Algorithm key idea: maximization of the linear function over
the controllability region.

The additional constraints

ξmin ≤ ξ ≤ ξmax (9)

are introduced in Eq. (8) to allow the computation of unbounded
controllability region slices, for example, when matrix A has only
one antistable eigenvalue.

The optimization task given in Eq. (8) leads us to the following
variational equations:

ηT
l ξ → max (10a)

[x0; u0] = ξ1ei + ξ2e j (10b)

x0 = −
∫ T

0

e−Aτ Bu(τ ) dτ (10c)

u(τ ) = u0 +
∫ τ

0

u̇(t) dt (10d)

umin ≤ u(τ ) ≤ umax (10e)

u̇min ≤ u̇(t) ≤ u̇max (10f)

where vector ξ and function u̇(t) are to be determined and T is
sufficiently large. The solution of the formulated optimization task
in continuous time can be obtained using a version of Pontryagin’s
minimum principle that takes proper account of both control and
state constraints. However, because of computational difficulties
in application of the minimum principle we use in this paper a
more simple method that is based on discrete approximation of the
formulated problem.

Discretization
To solve numerically the optimization task defined by Eq. (8),

the control function u(t) is parameterized with sampling time �T ,
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and the system defined in Eq. (1) is treated as a discrete one. In this
case the powerful linear programming methods can be applied to
solve the optimization problem.

Let continuous piecewise linear control function be in the follow-
ing form:

u(t) = uk + u̇k(t − k�T ) for t ≥ k�T, t ≤ (k + 1)�T

(11)

Here k ≥ 0 is an integer value, uk ∈ Rm denotes the control vector,
and u̇k ∈ Rm denotes the vector of control inputs rates at time instant
t = k�T .

It is clear that if

umin ≤ uk ≤ umax (12a)

u̇min ≤ u̇k ≤ u̇max (12b)

for all k, then both amplitude and rate control constraints in Eq. (2)
hold for all t .

It is possible to express the state and control vectors at time instant
t = (k + 1)�T as functions of xk , uk , and u̇k using the matrix expo-
nential. As a result, the following discrete system is constructed:

xk + 1 = Fxk + Guk + Hu̇k (13a)

uk + 1 = uk + u̇k�T (13b)

where

F = eA�T ∈ Rn × n, G =
∫ �T

0

eA(�T − τ) B dτ ∈ Rn × m

H =
∫ �T

0

eA(�T − τ) Bτ dτ ∈ Rn × m

and xk is the system state at the time instant t = k�T .

Prediction Equations for Discrete-Time System
The controllability or null-controllable region for the discrete

system in Eq. (13) can be defined similarly to the continuous-time
system case. Namely, C is the set of all extended states [x0; u0] that
can be driven to the origin by the control sequence constrained by
Eq. (12).

The null-controllable region at step N , denoted as C(N ), is the
set of extended states [x0; u0] that can be steered to the origin with
admissible control in N steps. It is clear by definition that the region
C(N ) is a subset of the null-controllable region at time N�T for
the continuous-time system.

As for the continuous system, all eigenvalues λi , i = 1, . . . , n of
matrix F in Eq. (13) can be divided into stable (|λi | < 1), neutral
(|λi | = 1), and antistable (|λi | > 1) groups. Here |λi | is the complex
modulus of λi .

The controllability region for the continuous-time system in
Eq. (1) can be approximated by the null-controllable region at step
N for its discrete-time counterpart in Eq. (13) with sufficiently small
sampling time �T and large N . The number of steps N specifies the
number of unknown variables in optimization procedure. For better
approximation it is necessary to take N as large as possible.

The N -step solution for the discrete-time system in Eq. 13 has
the following form:

xN = F N x0 +
N − 1∑

k = 0

F N − k − 1(Guk + Hu̇k) (14a)

uN = u0 + �T
N − 1∑

k = 0

u̇k (14b)

where x0 is the initial state vector and u0 is the initial control vector
for the discrete system.

The following combination of prediction equations (14) with con-
trol constraints (12) and terminal conditions (xN = 0, uN = 0) allows
us to find out all initial states [x0; u0] ∈ C(N ) for which there exists
an admissible sequence of control input rates u̇0, . . . , u̇N − 1:

F N x0 +
N − 1∑

k = 0

F N − k − 1(Guk + Hu̇k) = 0 (15a)

uk = u0 + �T
k − 1∑

r = 0

u̇r , k = 1, . . . , N (15b)

umin ≤ uk ≤ umax, u̇min ≤ u̇k ≤ u̇max, k = 0, . . . , N − 1 (15c)

uN = 0 (15d)

Unfortunately, Eq. (15a) is ill conditioned if matrix F has anti-
stable eigenvalues.8 The computational difficulties in this case fol-
low from computation of matrix Fk leading to very large errors as
k increases.

When matrix F has no stable or neutral eigenvalues, Eq. (15a)
can be multiplied by F−N and made well conditioned:

x0 = −
N − 1∑

k = 0

F−k − 1(Guk + Hu̇k) (16)

because matrix F−k in this case has no antistable eigenvalues. How-
ever when matrix F has both stable and antistable eigenvalues, ma-
trix F−k also has both types of eigenvalues, and to improve numer-
ical conditioning via matrix inversion is not possible any further.

In Ref. 8 a prestabilization procedure has been proposed to avoid
the onset of very large errors in matrices of the form Fk . In this
paper a method based on system decomposition is implemented to
avoid the numerical ill-conditioning problem.

Decomposition of Discrete-Time System
There are two well-known methods suitable for system decom-

position. The first one is based on the Schur decomposition, and the
second one implements the block Jordan decomposition of matrix
F . In this paper the Schur decomposition is used as the most robust
and reliable one.9,10

Consider the following transformation of the state-space basis in
Eq. (13):

x = [Qζ |Qz]

[
ζ

z

]
(17)

so that [Qζ |Qz]T [Qζ |Qz] = I . The columns of Qζ ∈ Rn × (n − q) span
the subspace Vζ associated with (n −q) stable and neutral eigenval-
ues, while the columns of Qz ∈ Rn × q span the subspace Vz , which
is a complementary subspace of Vζ . Note that Vz ∪ Vζ = Rn and
Vζ is an F-invariant subspace, that is, from x ∈ Vζ it follows that
Fx ∈ Vζ .

In the new basis the open-loop system in Eq. (13) is represented
as
[

ζk + 1

zk + 1

]
= QT F Q

[
ζk

zk

]
+ QT Guk + QT Hu̇k

=
[

QT
ζ F Qζ QT

ζ F Qz

0q × (n − q) QT
z F Qz

][
ζk

zk

]

+
[

QT
ζ G

QT
z G

]
uk +

[
QT

ζ H

QT
z H

]
u̇k (18)

where matrix QT
ζ FQζ has only stable and neutral eigenvalues, matrix

QT
z FQz has only antistable eigenvalues, and together these eigen-

values form the whole spectrum of eigenvalues for matrix F .
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Note that zk dynamics associated with q antistable eigenvalues
is decoupled from ζk and described by the following open-loop
subsystem:

zk + 1 = Fz zk + Gzuk + Hzu̇k (19)

where Fz = QT
z FQz ∈ Rq × q , Gz = QT

z G ∈ Rq × m , Hz = QT
z H ∈

Rq × m , and zk = QT
z xk .

In a similar way the transformation of the state-space basis can de-
couple the dynamics associated with stable and neutral eigenvalues.
Consider the following transformation of the basis in Eq. (13):

x = [Qw|Qs]

[
w

s

]
(20)

so that [Qw|Qs]T [Qw|Qs] = I . The columns of Qw ∈ Rn × q span
the subspace Vw associated with q antistable eigenvalues, and the
columns of Qs ∈ Rn × (n − q) span the complementary subspace Vs of
Vw . Obviously, Vw ∪ Vs = Rn and Vw is an F-invariant subspace.

Dynamics associated with the stable and neutral eigenvalues sk

can be isolated similarly to antistable eigenvalues case [see Eq. (19)]:

sk + 1 = Fssk + Gsuk + Hsu̇k (21)

where Fs = QT
s FQs ∈ R(n − q) × (n − q), Gs = QT

s G ∈ R(n − q) × m , Hs =
QT

s H ∈ R(n − q) × m , and sk = QT
s xk .

Numerically Robust Solution via Linear Programming
The decomposed subsystems for antistable and stable/neutral sub-

spaces [see Eqs. (19) and (21)] allow the construction of well-
conditioned prediction equations for z and s, respectively:

F−N
z zN = z0 +

N − 1∑

k = 0

F−k − 1
z (Gzuk + Hzu̇k) (22a)

sN = F N
s s0 +

N − 1∑

k = 0

F N − k − 1
s (Gsuk + Hsu̇k) (22b)

The underlying idea here is that matrices F−k
z and Fk

s are well-
conditioned because both F−1

z and Fs do not contain antistable
eigenvalues and large errors in F−k

z and Fk
s do not appear.

Note that the evolution of the full state vector xk is completely
defined by the evolution of the subsystems states sk and zk .

The ultimate goal of the computational algorithm is to maximize
the following scalar function for every given vector ηl ∈ R2 in the
slice plane SL(i, j):

ηT
l ξ → max (23)

so that points [x0; u0] = ξ1ei + ξ2e j belong to the controllability
region C(N ). The resulting vector ξ(l) will define a point on the
boundary of the controllability region [see Eq. (8)].

To specify this optimization problem, we need to combine the
well-conditioned prediction equations (22) with terminal conditions
sN = 0 and zN = 0, add initial conditions s0 = QT

s x0 and z0 = QT
z x0

and control constraints (12), and confine the allowable area in the
plane SL(i, j) to consider unbounded controllability regions. All of
these form the following set of linear constraints:

QT
z (ξ1exi + ξ2ex j ) = −

N − 1∑

k = 0

F−k − 1
z (Gzuk + Hzu̇k) (24a)

F N
s QT

s (ξ1exi + ξ2ex j ) = −
N − 1∑

k = 0

F N − k − 1
s (Gsuk + Hsu̇k) (24b)

uk = u0 + �T
k − 1∑

r = 0

u̇r , k = 1, . . . , N (24c)

u0 = ξ1eui + ξ2eu j , uN = 0 (24d)

umin ≤ uk ≤ umax, u̇min ≤ u̇k ≤ u̇max k = 0, . . . , N − 1

(24e)

ξmin ≤ ξ ≤ ξmax (24f)

where unit vector ei ∈ Rn + m is resolved on the state (exi ∈ Rn) and
the control (eui ∈ Rm) vector components: ei = [exi ; eui ].

The unknown variables in the set of linear constraints in Eqs. (24)
are the coordinate vector in the slice plane ξ = [ξ1, ξ2]T and the
control rate vectors u̇k, k = 0, . . . , N − 1.

The optimization problem just formulated can be effectively
solved by a linear programming method.

Computational Issues
The proposed algorithm has been implemented as a MATLAB®

function, which can be freely requested from the authors. All com-
putational results presented in this paper have been obtained using
MATLAB 6.5 on a personal computer Pentium IV 1.6 GHz. For ex-
ample, the computation of the boundary of the controllability region
for an eight-dimensional dynamical system considered as an exam-
ple in the next section takes 20 s when N = 100. (Only amplitude
constraints have been imposed.) For the Schur decomposition of the
discrete systems, the function blkrsch from the Robust Control Tool-
box has been used. The linear programming has been performed by
the function linprog (large-scale algorithm) from the Optimization
Toolbox.

Numerical Examples
Example 1: Controllability Regions Beyond the Flutter Boundary

The active flutter suppression problem has been intensively
investigated with implementation of different control design
techniques.11−19 Different linear and nonlinear controllers applied
for flutter suppression improve the system dynamic responses and
extend the flutter boundary. However, these approaches have diffi-
culty when realistic constraints are imposed on the maximum rate
and deflection of the control surfaces used for flutter control.11 It is
indicated11 that there exists some limit in terms of dynamic pressure
or flow speed for possible delay of the flutter onset in the closed-loop
system.

This fact can be related to the size of the controllability region
for the open-loop system beyond the flutter boundary. Because of
limited authority of control effectors, the size of the controllability
region decreases with increase of system instability and can become
critical against the available level of external disturbances.

A more deep insight into the active flutter suppression problem
will require a detailed analysis of the controllability regions for
the open-loop system and regions of attraction for the closed-loop
system. Such analysis will help to improve the control laws design
and provide the realistic level of robustness for active control flutter
suppression system.

To elucidate the proposed approach, we consider hereafter an
airfoil with trailing-edge flap, which can be treated as a typical
wing section (see Fig. 2).

The dynamic equations of this aeroservoelastic system can be
represented in the following matrix form12,18,20:




ma shθ shδ

shδ Iθ sθδ

shδ sθδ Iδ








ḧ

θ̈

δ̈



 +




kh 0 0

0 kθ 0

0 0 kδ








h

θ

δ





=




0

0

kδ



 δc +




ch(ρU 2/2)S

cm(ρU 2/2)Sc̄

cδ(ρU 2/2)Sc̄



 (25)

where the nondimensional aerodynamic coefficients for the normal
force ch , the pitch moment cm , and the flap hinge moment cδ are
expressed as linear functions of θ̈ , θ̇ , θ , ḧ, θ̇ , h, δ̈, δ̇, δ, and un-
steady aerodynamic contribution to the normal force coefficient cw ,
generated by trailing-edge vortex wake.20
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a)

b)

Fig. 2 Sketch of a) the aeroservoelastic airfoil system and b) the root
loci for different reduced frequencies in pitch.

The unsteady aerodynamic term cw is replaced with a sum of two
dynamic variables x7 and x8, governed by the first-order differential
equations with characteristic timescales identified from approxima-
tion of the Theodorsen transfer function.18,20

The system (25) in its nondimensional form is supple-
mented with two first-order unsteady aerodynamic equations.
And the final eight-dimensional dynamic system is represented
in the state-space form given in Eq. (1) with the state vector
x = [h̄, ˙̄h, θ, θ̇ , δ, δ̇, x7, x8]T , where h̄ = h/c̄. The reduced natural
frequencies of the system in the pitch, plunge, and flap modes are
described here:ωθ = √

(kθ / lθ )c̄/(2U ), ωθfl = 0.33, ωh = 0.8ωθ , and
ωδ = 10ωθ .

Matrices A and B and the open-loop system eigenvalues for the
aeroservoelastic system are presented in Appendix for several values
of the natural frequency in pitch ωθ , which is inversely proportional
to flow speed as just described. The flap mode natural frequency ωδ

in the considered case is much higher than the natural frequency ωθ ,
and the plunge mode natural frequency ωh is approximately of the
same order.

The root locus of the aeroservoelastic open-loop system for var-
ious values of reduced frequency ωθ is shown in Fig. 2 (bottom
plot). The plunge mode eigenvalues become unstable at ωθ ≤ ωθfl,
and their real parts increase with decrease of ωθ (or increase of flow
speed U ). At the same time the pitch mode eigenvalues become
more stable.

The numerical algorithm outlined in the preceding section has
been applied for computation of controllability regions of aeroser-
voelastic airfoil system within the flutter range at ωθ ≤ ωθfl.

Figure 3 shows the computed two-dimensional slices of the mul-
tidimensional controllability regions in the planes ( ˙̄h, h̄) and (θ̇ , θ ).
(Note that all other state variables are equal to zero.) Only deflection
constraint |δc| ≤ 0.1 rad has been imposed in this example.

At the flutter boundary ωθ = ωθfl the system is still controllable
in the whole state space. However, as soon as the operational pa-
rameter crosses the linear flutter boundary and the level of lin-
ear system instability increases the controllability region decreases
significantly.

First, the controllability regions have the elliptical cross sections
in both planes. When the imaginary part of antistable eigenvalues
drops ≈0.08, the controllability regions are stretched into a narrow
strip. The length of these strip regions increases when two eigen-
values of antistable subsystem become real.

Fig. 3 Slices of the controllability regions computed for the flutter
range of ωθ under deflection limit ||δc|| < 0.1 rad.

The size of the controllability region slice, for example, at
ωθ = 0.67ωθfl allows the maximum disturbances in pitch angle
|θ | ≤ 0.1 rad and in nondimensional plunge displacement |h̄| ≤ 0.03.
It means that if external disturbances, such as the atmospheric tur-
bulence or wind gust, lead to higher level of perturbations there is
no possibility to keep the system stable using any controller.

Note that the rate constraint produces additional reduction in the
controllability region size. In Fig. 4a the cross sections of the con-
trollability region are presented for different deflection rate limits.

The area of the controllability region cross sections clearly tends
to zero as the rate limit decreases significantly. At |δ̇c| ≥ 0.05 rad
the cross-section area approaches the size defined only by deflection
limit constraints. So the computation of the controllability region
as a function of the deflection and rate limits can be useful for
specification of important requirements for actuator characteristics
(see Fig. 4b).

The stability region of the closed-loop system is normally
less than the open-loop system controllability region. Only the
stability-optimal controller can enlarge the stability region up to
the controllability region size.4,5

As an example, Fig. 5 presents comparisons of the open-loop con-
trollability region and the closed-loop stability region slices for the
linear system at operational point ωθ = 0.67ωθfl with two different
controllers. In both cases the applied feedback is in the form of linear
state control law, supplemented with simple saturation function:

δc(t) = sat(K x) (26)

where K ∈ R1 × n ,

sat(u) =






umax, if u > umax

u, if umin ≤ u ≤ umax

umin, if u < umin (27)

and umax = −umin = 0.1 rad.
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Fig. 4a Controllability region slices at ωθ = 0.67ωθfl for different rate
limits.

Fig. 4b Area of these slices vs the rate limit. The deflection limit
||δc|| < 0.1 rad.

In the first case, the feedback gain K is selected for the pole
placement controller, which transforms the unstable complex pair
0.0632 ± 0.1994i to the stable one −0.12 ± 0.4i (see Fig. 5a). As
one can see, the size of the closed-loop system stability region slice
in this case is approximately two times smaller than the size of the
open-loop controllability region slice.

In the second case the system is closed by the linear-quadratic
(LQ) controller, where the feedback coefficient vector K was ob-
tained as the solution for the problem of minimization of the per-
formance index

J =
∫ ∞

0

(x T x + uT u) dt

In this case the closed-loop system stability region slice is very close
to the open-loop controllability region slice.

Example 2: Controllability Regions for the X-33 Vehicle
Another example of the constrained stabilization problem is

connected with unstable lateral/directional dynamics of the X-
33 vehicle21 at critical conditions during the entry flight: alti-
tude 29,624 m, Mach number 3.13 with trim angle of attack
α = 0.109 rad, and zero trim sideslip and bank angles.

The eight control surfaces can operate independently, and their
perturbations from the trim values form the control vector for the
linearized system in Eq. (1):

u = [δrevi, δlevi, δrbf, δlbf, δrvr, δlvr, δrevo, δlevo]T

The control surface limits are given in Table 1.

Table 1 X-33 control surface limits

Control surface Lower bound, rad Upper bound, rad

δrevi −0.4363 0.4363
δlevi −0.4363 0.4363
δrbf −0.3054 0.4101
δlbf −0.3054 0.4101
δrvr −0.5236 0.5236
δlvr −0.5236 0.5236
δrevo −0.4363 0.4363
δlevo −0.4363 0.4363

a)

b)

Fig. 5 Comparison of the controllability region at ωθ = 0.67ωθfl with
the regions of attraction for the closed-loop system: a) slices for the
pole placement controller and b) for the linear-quadratic controller.
The deflection limit ||δc|| < 0.1 rad.

The state vector in the system defined by Eq. (1) combines the
longitudinal and lateral/directional motion parameters:

x = [P, R, β, φ, ψ, α, Q, θ, V ]T

The matrices of the linearized X-33 vehicle at the preceding flight
conditions are given in Ref. 21. Table 2 shows the open-loop poles.
Note that the first five eigenvalues represent the lateral/directional
dynamics and the last four eigenvalues represent the longitudinal
dynamics.

Although the linearized longitudinal and lateral/directional mo-
tions are decoupled in the matrix A, all control surfaces in different
extent contribute both to longitudinal and lateral/directional dynam-
ics. Hence the control law design must be carried out simultaneously
for longitudinal and lateral modes.21

There are two unstable eigenvalues in the system; the most signif-
icant λ2 is produced because of directional aerodynamic instability,
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Table 2 Eigenvalues of the X-33 model

Open loop Closed loop

λ1 = −1.0007 −0.4 + 1.25i
λ2 = 0.93495 −0.4 − 1.25i
λ3 = −0.102 −0.102
λ4 = −0.000562 −0.0562
λ5 = 0 −0.01
λ6 = −0.0609 + 1.24i −0.0609 + 1.24i
λ7 = −0.0609 − 1.24i −0.0609 − 1.24i
λ8 = −0.0149 −0.0149
λ9 = 0.000646 −0.0646

Fig. 6 X-33 linearized model. Comparison of controllability and sta-
bility region cross sections at the presence of only deflection constraints:
the LQ controller.

and the second one λ9 is a very slow phugoid mode instability in the
longitudinal motion. The controllability region slices in the planes
(β, P) and (R, P) of the lateral/directional parameters have the
form of a strip (see Figs. 6–8).

The controllability region cross sections have been first computed
without account of the rate constraints. And the two stabilizing con-
trol laws, the LQ optimal controller (designed in the same manner
as for the aeroservoelastic problem in the preceding section) and the
pole placement controller, have been compared in terms of slices of
their closed-loop stability regions.

To take into account control constraints, the saturation function
given in Eq. (27) was implemented for each control input. The slice
of the domain of attraction for the LQ optimal controller covers a
large part of the controllability region slice, as shown in Fig. 6. In
Fig. 7 the cross sections of the closed-loop system stability region
are shown for the pole placement controller. The closed-loop system
eigenvalues in this case have been assigned as shown in Table 2. Note
that during control synthesis only body flaps have been considered
as active.

Fig. 7 X-33 linearized model. Comparison of controllability and sta-
bility region cross sections at the presence of only deflection constraints:
the pole placement controller.

Fig. 8 X-33 linearized model. Comparison of controllability region
cross sections for different rate limits.
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Presented results demonstrate that in the both cases the closed-
loop system stability regions are less than the controllability region.
The pole placement control law can produce unsatisfactory size of
the stability region for the closed-loop system when the assigned
locations of the closed-loop eigenvalues are taken without consid-
eration of the stability region size.

To demonstrate the rate limit influence on the controllability re-
gion size, the absolute values of rates for all control effectors have
been limited by the same value. The cross sections of the control-
lability region in the planes (β, P) and (R, P) for maximum rate
limit 0.35 and 0.175 rad/s are shown in Fig. 8. One can see that even
these very slow actuators are not very critical in terms of the size of
the controllability region because the decrease of the controllability
region slice caused by rate saturation in this case is relatively small.

Conclusions
The proposed numerical algorithm for computation of the con-

trollability regions for unstable linear systems with two types

1) ωθ = 0.9ωθfl

A =





0 1.0000 0 0 0 0

−0.0849 −0.0167 −0.0105 0.0095 0.0186 0.0009

0 0 0 1.0000 0 0

−0.1416 −0.0387 −0.1820 −0.0147 1.8038 −0.0034

0 0 0 0 0 1.0000

0.0351 0.0706 0.7735 0.1260 −17.4331 0.0009

0 −1.1944 1.1944 0.5375 0.6567 0.0888

0 −0.2932 0.2932 0.1319 0.1612 0.0218

0 0

0.0053 0.0053

0 0

0.0123 0.0123

0 0

−0.0225 −0.0225

−0.8598 0

0 −0.1673





B =





0

−0.0146

0

−1.8250

0

17.5566

0

0





λ =





−0.0057 ± 4.1852i

−0.0351 ± 0.3166i

0.0128 ± 0.2722i

−0.1563

−0.8453





2) ωθ = 0.67ωθfl

A =





0 1.0000 0 0 0 0

−0.0457 −0.0167 0.0021 0.0095 0.0118 0.0009

0 0 0 1.0000 0 0

−0.0762 −0.0387 −0.0800 −0.0147 0.9603 −0.0034

0 0 0 0 0 1.0000

0.0189 0.0706 0.3834 0.1260 −9.3181 0.0009

0 −1.1944 1.1944 0.5375 0.6567 0.0888

0 −0.2932 0.2932 0.1319 0.1612 0.0218

0 0

0.0053 0.0053

0 0

0.0123 0.0123

0 0

−0.0225 −0.0225

−0.8598 0

0 −0.1673





B =





0

−0.0079

0

−0.9814

0

9.4415

0

0





λ =





−0.0053 ± 3.0595i

0.0632 ± 0.1944i

−0.0935 ± 0.2096i

−0.1420

−0.8442





3) ωθ = 0.42ωθfl

A =





0 1.0000 0 0 0 0

−0.0185 −0.0167 0.0108 0.0095 0.0071 0.0009

0 0 0 1.0000 0 0

−0.0308 −0.0387 −0.0094 −0.0147 0.3763 −0.0034

0 0 0 0 0 1.0000

0.0077 0.0706 0.1133 0.1260 −3.7000 0.0009

0 −1.1944 1.1944 0.5375 0.6567 0.0888

0 −0.2932 0.2932 0.1319 0.1612 0.0218

0 0

0.0053 0.0053

0 0

0.0123 0.0123

0 0

−0.0225 −0.0225

−0.8598 0

0 −0.1673





B =





0

−0.0032

0

−0.3974

0

3.8234

0

0





λ =





−0.0043 ± 1.9276i

0.0842 ± 0.0865i

−0.1531 ± 0.1154i

−0.0665

−0.8445





4) ωθ = 0.3ωθfl

A =





0 1.0000 0 0 0 0

−0.0094 −0.0167 0.0137 0.0095 0.0056 0.0009

0 0 0 1.0000 0 0

−0.0157 −0.0387 0.0142 −0.0147 0.1816 −0.0034

0 0 0 0 0 1.0000

0.0039 0.0706 0.0232 0.1260 −1.8273 0.0009

0 −1.1944 1.1944 0.5375 0.6567 0.0888

0 −0.2932 0.2932 0.1319 0.1612 0.0218

0 0

0.0053 0.0053

0 0

0.0123 0.0123

0 0
−0.0225 −0.0225

−0.8598 0

0 −0.1673





B =





0

−0.0016

0

−0.2028

0

1.9507

0

0





λ =





−0.0029 ± 1.3548i

−0.1844 ± 0.0952i

0.1443

0.0302

−0.0110

−0.8463





of control constraints such as deflection limit and rate satura-
tion can be applied for postdesign assessment of different con-
trol laws and specification of design requirements for actuator
characteristics. This method allows the unlimited number of con-
trol effectors and antistable eigenvalues in the open-loop system.
The presented computational examples for simple aeroservoelas-
tic system and the aerodynamically unstable X-33 vehicle demon-
strate the utility of the proposed method for design and postde-
sign assessment of control laws at flight regimes with unstable
dynamics.

Appendix: Linearized Equations
of the Aeroservoelastic Airfoil System

Matrices A with their eigenvalues λ and matrices B of the lin-
earized aeroservoelastic airfoil system (1) are presented next for
four different operational conditions beyond the flutter boundary
ωθ = ωθfl .
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